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The GRIN-ENZ medium is realized using stacked narrow hollow waveguides whose infinite array shows the first transmission peak at Metamaterials have attracted the attention of the scientific community in the last years because they have opened the possibility to generate arbitrarily tailored electromagnetic (EM) parameters such as low (i.e., less than unity) or even negative [1, 2] values of permittivity (ε) and permeability (μ). In the realm of metamaterials, artificial materials with ε near-zero (ENZ) are becoming a prominent subfield by their own merits. It was demonstrated in the past that narrow hollow waveguides working near their cut-off frequency can be used to emulate an effective ENZ medium exhibiting unconventional features such as tunneling, squeezing and supercoupling. [3] [4] [5] [6] Moreover, ENZ metamaterials have been reported recently at near infrared and visible frequencies by using metaldielectric-metal (MIM) multilayers. [7] [8] [9] [10] Lenses have benefited greatly from the concepts of artificial materials [1, 2, 11] . Negative refractive index metamaterial lenses [2, [12] [13] [14] and lenses with both near-zero (NNZ) ε and μ values have been reported. [15] Also, ENZ lenses have been analyzed [16] [17] [18] and GRIN concepts have been applied to make them more compact. [19] [20] [21] [22] Quasi-optical elements such as steerers and power splitters are also technologically interesting.
Recently, artificial devices able to deflect electromagnetic waves have been reported using transformation optics [23] , metal-dielectric GRIN structures [24] and Luneburg lens concepts [25] .
Nevertheless, ENZ concepts have not been exploited for them yet, despite the fact that they promise low insertion loss because of the minimization of the impedance mismatch.
In this paper, GRIN-ENZ beam-steerers and power-splitters are designed, simulated and analyzed by simply stacking narrow hollow rectangular waveguides. To begin with, a beam-steerer structure with a cut of 45 degrees at its output (i.e. a prism), is studied in order to show its behavior using an array of identical waveguides. This structure is compared with an ideal homogeneous isotropic medium with refractive index near zero, demonstrating that homogenization holds for this type of structures. The study continues with GRIN-ENZ: Plano-planar beam-steerers and power splitters. By engineering the hollow dimensions of each waveguide, the beam-steerers are designed to deflect an incoming normal incident plane wave to different output angles (15, 45, 65 and 80 deg).
Additionally, the power splitter is designed in order to obtain symmetrical ( 45 deg) and asymmetrical
(-80, +35 deg) output angles.
A way to emulate the EM response of artificial structures such as metamaterials is by using the intrinsic structural dispersion of a waveguide. In fact, in 1962 W. Rotman used this approach to emulate plasmas at microwave frequencies [26] using parallel-plate waveguides. It is important to highlight that, strictly speaking, an array of waveguides cannot be described by a dielectric function because it is not a continuous medium. However, as it will be described next, the EM response of this waveguide array can be approximated using a Drude model, which at a particular frequency, has ENZ characteristic. Its frequency response can be engineered by varying its dimensions. Finally, it is worth noting that the resulting equivalent medium is anisotropic, with ENZ response only for xx but not for yy and zz at the operation frequency. In the following, we will refer only to xx when we mention the relative effective permittivity ( r_eff = xx ), for clarity.
Let us consider a rectangular waveguide with its largest hollow dimension parallel to y-axis with metal dimensions d x and d y and hollow dimensions h x and h y [see figure 1 (right-bottom inset)]. By using a horizontally polarized E x -wave, it is well known that the propagation constant (β) of its dominant mode (TE 01 ) can be calculated as follows [27] :
where k 0 is the wave number in the medium filling the waveguide at the working frequency (f ) calculated as k 0 = 2πf/c, λ wg is the guided wavelength and c is the velocity of light in the filling medium, which in our case is vacuum. This expression shows that the frequency response of a rectangular waveguide is intrinsically dispersive. This property permits to have a wide variety of electromagnetic responses when a medium is synthesized using an array of waveguides. Such homogenized medium can be considered equivalent to a metamaterial with dispersive relative effective permittivity (ε r_eff ) [6] . In fact, it has been reported that, a rectangular waveguide working near cut-off mimics an ENZ metamaterial, since the propagation constant is lower than the wave number (k 0 ), [5] i.e., the guided wavelength is much larger than the free-space wavelength (λ wg >> λ 0 ). Based on this, and considering the rectangular waveguide as an effective medium, the relative effective permittivity can be calculated as follows [17] 
where μ r_eff = 1 is assumed considering that the equivalent medium only has electric response. Note that, when the h y dimension is h y λ 0 /2 (i.e. the waveguide approaches cutoff) the waveguide models a medium where k = β 0, with zero permittivity and zero phase variation (ψ), and an infinite wavelength (λ wg ) inside the waveguide. It is worth remarking that the relative effective permittivity ε r_eff = 0 is an ideal case and in practice it cannot be exactly reached due to the absorption inside the waveguide. Therefore the operational frequency will be near, but not exactly at, the cut-off frequency.
Based on this, let us study the rectangular narrow hollow waveguide shown in figure 1, which will be used as reference in the design of the GRIN-ENZ beam steerers and power splitters. In order to
show its behavior, the dimension h y is fixed to work near the cutoff wavelength of the fundamental mode for a rectangular waveguide TE 01 : h y λ 0 /2, where λ 0 is the free-space wavelength; at the operation frequency of 1 THz, λ 0 = 300 μm. Moreover, it has been demonstrated in [3, 17] that by reducing h x drastically, impedance matching with free space can be achieved along with the ENZ property. Based on this, the narrow dimension (h x ) of the waveguide is chosen following the ratio h x /h y = 0.04.
With these considerations, the waveguide is simulated using the commercial software CST Microwave Studio TM with the design parameters:
μm and h x =6 μm. The incident wave is polarized along x, E x , and propagates along z-axis. Accordingly, top and bottom magnetic walls and, electric walls are used at the left and right side of the unit cell in order to imitate an infinite waveguide array along both transversal directions. Moreover, an electric field probe is placed at (x = y = 0 μm, z = 1500 μm), i.e., just at the output of the rectangular waveguide, in order to record the waveforms at this position and obtain the corresponding spectra by Fourier transformation.
Simulation results of the normalized E x -field magnitude for the frequency range 0.97-1.01 THz are presented in figure 1 . The maximum transmission appears at f 0 = 1.0002 THz (above and near cutoff). At this frequency, the propagation constant for the narrow hollow waveguide is β 0 = ψ/l z = 1.22
rad/1500 μm = 813.33 rad/m, much smaller than the wavenumber in free-space (k 0 = 20948.14 rad/m).
With this value of β 0 and using (2), the relative effective permittivity obtained is ε r_eff = 0.0015, confirming that the effective permittivity is actually near zero (ENZ) and the waveguide mimics an ENZ medium at the fundamental band [3] . The tunneling effect at this frequency can be observed in figure 1 (left inset) where simulation results of the E x -magnitude and H y -phase are presented [inset (a) and (c), respectively]. The uniform E-field distribution with the small phase variation observed for the H-field corroborate the ENZ behavior. It is important to highlight that another transmission peak appears at It is known that EM waves emerging from an ENZ medium propagate perpendicular to its surface, i.e., they follow the shape of the output face due to the nearly uniform phase progression inside the medium [16, 28] . Applying this property, a beam-steerer (i.e. a prism) is designed and simulated in order to show that it is possible to change the direction of an incoming plane wave to any output angle figure 2 (a) . The performance of both structures is almost identical, demonstrating that our prism emulates an ENZ medium.
A major drawback of this design is its relatively large volume which can be reduced using GRIN-ENZ structure [17, 29] i.e., a beam steerer with parallel faces or uniform length (l z ), where the refractive index of each waveguide is changed by simply tuning their hollow dimensions so that the phase at the output is gradually modulated. Thus, each waveguide must be tuned to give a particular phase delay at the output. This phase delay depends on the operational frequency, waveguide location and the phase delay inside a reference waveguide. The behavior of the beam steerer can be easily obtained from ray tracing assuming that the slab is discretized in m+1 waveguides with a periodicity d x . This is schematically shown in figure 2(c) , where md x is the distance between the reference waveguide (right most waveguide) and each one of the other array elements, and d i is the excess distance travelled by the wave emitted by each waveguide with respect to the reference. With these considerations, we end up with the following equation:
where l z is the thickness of the slab, k 0 is the wave number in free space, β 0 is the propagation constant of the guided mode of the rightmost waveguide used as reference, m is an integer number m=1,2,3… which represents the waveguide number,
is the phase delay difference between the mth waveguide and the reference one, (m) the propagation constant at the position md x , and n is an integer number n=1,2,3,… which represents a phase change of 2πn. Moreover, by using (1) it is straightforward to fulfill equation (3) , the width of each hollow, is still a free parameter that can be used to impedance match each waveguide to free-space [4, 17] and minimize (1), (3) and (4)] is less than for larger angles. Then, our design which is based on the local periodicity approximation (i.e. the design of each waveguide is done assuming an infinite array of identical waveguides) is better suited for small angles.
Next, several GRIN-ENZ power splitters are demonstrated, able to deflect a normally incident wave in two waves with different angles at the output. The designs consist of 100 waveguides with a total width of 20λ 0 . To get the double angle operation, two waveguides with the dimensions shown in figure 1 (b) are used as reference. They are placed at the extremes of the whole structure (one at the left and one at the right). Note that a straight way to design a power splitter with symmetrical output angles is by joining together side by side two of the blocks shown previously. By using (1) It can be observed that analytical and numerical results are in good agreement, validating both designs.
Moreover, the reflection coefficient is -7.13 dB and -6.55 dB for the symmetric and asymmetric beam splitters, respectively, demonstrating the beam splitting capability of these structures.
In conclusion, different ENZ structures have been designed and numerically simulated using 
